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FIXED POINT THEOREM FOR F -CONTRACTION OF
GENERALIZED MULTIVALUED INTEGRAL TYPE MAPPINGS
DERYA SEKMAN, VATAN KARAKAYA, AND NOUR EL HOUDA BOUZARA SAHRAOUI
Abstract. In this work, our main problem is to introduce a new concept of
the generalized multivalued integral type mappings under F -contraction and
also to investigate important properties of this notion. Moreover, we give some
interesting examples about this problem.
1. Introduction and Preliminaries
Fixed point theory has many application area in mathematics. Along with that
there is interesting application in the other science branches as computer, economy,
medicine and engineering so on [9, 16, 6, 5, 7]. Therefore, it is very important to
study on the problems concerning this theory. There are many working field in
this theory. One of them is contraction structure. If a mapping on any space is
contraction type, then behaviors under some other special conditions for both single
and multivalued can be controlled. By inspiring this idea, many authors define
new contraction mappings and then they study its properties. In the literature,
first the concept of contraction for single valued mappings pertains to S. Banach
[3]. Afterward, Nadler [14] applicated same idea to set-valued mappings by using
Hausdorff metric. Later, many authors including Gordji [10], Berinde [4], Sekman
et al. [17] the others studied and generalized set-valued mappings.
Quiet recently, Wardowski [19] defined F -contraction mapping and gave some
properties of this mapping for single valued transformations. Many authors have
studied F -contraction mapping for single and multivalued transformations under
different conditions. One can find in list [1, 13, 18, 11]. By using Wardowski’s
[19] and Nadler’s [14] ideas, Altun et al. [2] introduced the concept of multivalued
F -contraction mapping and obtained some fixed point results for this mappings. In
this study, we will introduce a new concept of multivalued integral type mapping
under F -contraction and also to investigate important properties of it.
Let (X, d) be a metric space. Denote by P (X) the family of all nonempty subsets
of X , CB(X) the family of all nonempty, closed and bounded subsets of X and
K(X) the family of all nonempty compact subsets of X .
Definition 1. Let X be a nonempty set. T is said to be a multivalued mapping if
T is a mapping from X to the power set of X. We denote a multivalued map by
T : X → P (X).
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Definition 2 (see;[12]). Let (X, d) be a complete metric space. We define the
Hausdorff metric on CB(X) by
H(A,B) :=max
{
sup
x∈A
D(x,B),sup
y∈B
D(y,A)
}
,
for all A,B ∈ CB(X), where D(x,B) := inf
b∈B
d(x, b) for all x ∈ X. Mapping H is
said to be a Hausdorff metric induced by d.
Lemma 1 (see;[8]). Let A,B ∈ CB(X), then for any a ∈ A,
D(a,B) ≤ H(A,B).
Definition 3 (see;[14]). Let (X, d) be a metric space. A map T : X → CB(X) is
said to be multivalued contraction if there exists 0 ≤ λ < 1 such that
H(Tx, T y) ≤ λd(x, y)
for all x, y ∈ X.
Definition 4 (see;[14]). A point x0 ∈ X is said to be a fixed point of a multivalued
mapping T : X → CB(X) such that x0 ∈ T (x0).
Theorem 1 (see;[15]). Let (X, d) be a complete metric space. Suppose T : X →
CB(X) is a contraction mapping for some 0 ≤ α < 1,
H(Tx,Ty)∫
0
ϕ(t)dt ≤ α
M(x,y)∫
0
ϕ(t)dt
where
M(x, y) =max
{
d(x, y), D(x, Tx), D(y, T y),
1
2
[D(x, T y) +D(y, Tx)]
}
for all x, y ∈ X. Then there exists a point x ∈ X such that x ∈ Tx (i.e., x is a fixed
point of T ).
Now, we will give a new type of contraction called F -contraction by introduced
Wardowski [19] and a fixed point theorem concerning F -contraction.
Definition 5 (see;[19]). Let F :R+ → R be a mapping satisfying:
(F1) F is strictly increasing, i.e. for all α, β ∈ R+ such that α < β, F (α) < F (β),
(F2) For each sequence {αn}n∈N of positive numbers limn→∞
αn = 0 if and only if
lim
n→∞
F (αn) = −∞,
(F3) There exists k ∈ (0, 1) such that lim
α→0+
αkF (α) = 0.
A mapping T : X → X is said to be an F -contraction if there exists τ > 0 such
that
(1.1) d(Tx, T y) > 0⇒ τ + F (d(Tx, T y)) ≤ F (d(x, y))
for all x, y ∈ X.
Remark 1. From (F1) and (1.1) it is easy to conclude that every F -contraction
T is a contractive mapping, i.e.
d(Tx, T y) < d(x, y), for all x, y ∈ X, Tx 6= Ty.
3Thus every F -contraction is a continuous mapping.
Remark 2. Let F1, F2 be the mappings satisfying (F1-F3). If F1(α) ≤ F2(α) for
all α > 0 and a mapping G : F1-F2 is nondecreasing then every F1-contraction T
is F2-contraction.
Theorem 2 (see;[19]). Let (X, d) be a complete metric space and let T : X → X
be an F -contraction. Then T has a unique fixed point x∗ ∈ X and for every x0 ∈ X
a sequence {T nx0}n∈N is convergent to x
∗.
Definition 6 (see;[1]). Let (X, d) be a metric space and T : X → CB(X) be a
mapping. Then T is said to be a generalized multivalued F -contraction if there
exists τ > 0 such that
H(Tx, T y) > 0⇒ τ + F (H(Tx, T y)) ≤ F (M(x, y)),
where
M(x, y) =max
{
d(x, y), D(x, Tx), D(y, T y),
1
2
[D(x, T y) +D(y, Tx)]
}
,
for all x, y ∈ X.
Theorem 3 (see;[1]). Let (X, d) be a complete metric space and T : X → K(X)
be a generalized multivalued F -contraction. If T or F is continuous, then T has a
fixed point in X.
Theorem 4 (see;[2]). Let (X, d) be a complete metric space and T : X → K(X)
be a multivalued F -contraction, then T has a fixed point in X.
Theorem 5 (see;[2]). Let (X, d) be a complete metric space and let T : X →
CB(X) be a F -contraction. Suppose that F also satisfies
(F4) F (inf A) = inf F (A) for all A ⊂ (0,∞) with inf A > 0. Then T has a fixed
point.
2. Main Result
Definition 7. Let (X, d) be complete metric space and T : X → K(X) be a F -
contraction of generalized multivalued integral type mapping if there exists τ > 0
such that, for all x, y ∈ X,
(2.1) H(Tx, T y) > 0⇒ τ + F


H(Tx,Ty)∫
0
ϕ(t)dt

≤ F


M(x,y)∫
0
ϕ(t)dt

 ,
where
M(x, y) =max
{
d(x, y), D(x, Tx), D(y, T y),
1
2
[D(x, T y) +D(y, Tx)]
}
,
where ϕ : [0,+∞)→ [0,+∞) is a Lebesque-integrable mapping which is summable
on each compact subset of [0,+∞), non-negative, and such that for each ε > 0,∫ ε
0 ϕ(t)dt > 0.
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Example 1. Let F :R+ → R be a mapping given by F (α) = lnα. It is clear that
F satisfies (F1)-(F3), for any k ∈ (0, 1). Every F -contraction for generalized
multivalued integral type mapping satisfies
τ + F


H(Tx,Ty)∫
0
ϕ(t)dt

≤ F


M(x,y)∫
0
ϕ(t)dt

 .
Now we have
ln eτ+ ln


H(Tx,Ty)∫
0
ϕ(t)dt

 ≤ ln


M(x,y)∫
0
ϕ(t)dt


eτ
H(Tx,Ty)∫
0
ϕ(t)dt ≤
M(x,y)∫
0
ϕ(t)dt
⇒
H(Tx,Ty)∫
0
ϕ(t)dt ≤ e
−τ
M(x,y)∫
0
ϕ(t)dt,
for all x, y ∈ X, Tx 6= Ty. It is clear that for x, y ∈ X such that Tx = Ty the
inequality
H(Tx,Ty)∫
0
ϕ(t)dt ≤ e−τ
M(x,y)∫
0
ϕ(t)dt
also holds, i.e. T is a contraction.
Theorem 6. Let (X, d) be a complete metric space and T : X → K(X) be a
F -contraction of generalized multivalued integral type mapping. If T or F is con-
tinuous, then T has a fixed point in X.
Proof. Let x0 ∈ X be an arbitrary point and define a sequence {xn} by xn+1 ∈ Txn
for n = 1, 2, . . . . As Tx is nonempty for all x ∈ X, we can choose x1 ∈ Tx0. If
x1 ∈ Tx1, then x1 is a fixed point of T . Let x1 /∈ Tx1, then D(x1, T x1) > 0 since
Tx1 is compact. By using (F1), from Lemma 1 and (2.1), we can write that
F
(∫ D(x1,Tx1)
0
ϕ(t)dt
)
≤ F
(∫ H(Tx0,Tx1)
0
ϕ(t)dt
)
≤ F
(∫ M(x0,x1)
0
ϕ(t)dt
)
−τ
= F
(∫ max{d(x0,x1),D(x0,Tx0),D(x1,Tx1), 12 [D(x0,Tx1)+D(x1,Tx0)]}
0
ϕ(t)dt
)
−τ
≤ F
(∫ max{d(x0,x1), 12D(x0,Tx1)}
0
ϕ(t)dt
)
−τ
≤ F
(∫ max{d(x0,x1),D(x1,Tx1)}
0
ϕ(t)dt
)
−τ
(2.2) ≤ F
(∫ d(x0,x1)
0
ϕ(t)dt
)
−τ.
5Also, since Tx1 is compact, we obtain that x2 ∈ Tx1 such that d(x1, x2) =
D(x1, T x1). From (2.2) we have
F
(∫ d(x1,x2)
0
ϕ(t)dt
)
≤ F
(∫ H(Tx0,Tx1)
0
ϕ(t)dt
)
≤ F
(∫ d(x0,x1)
0
ϕ(t)dt
)
−τ
F
(∫ d(x2,x3)
0
ϕ(t)dt
)
≤ F
(∫ d(x1,x2)
0
ϕ(t)dt
)
−τ ≤ F
(∫ d(x0,x1)
0
ϕ(t)dt
)
−2τ
...
(2.3)
F
(∫ d(xn,xn+1)
0
ϕ(t)dt
)
≤ F
(∫ d(xn−1,xn)
0
ϕ(t)dt
)
−τ ≤ F
(∫ d(x0,x1)
0
ϕ(t)dt
)
−nτ.
So we obtain a sequence {xn} in X such that xn+1 ∈ Txn and for all n ∈ N.
If there exists n0 ∈ N for which xn0 ∈ Txn0 , then xn0 is a fixed point of T and
so the proof is completed. Thus, suppose that for every n ∈ N, xn /∈ Txn. Denote
γn=
∫ d(xn,xn+1)
0
ϕ(t)dt,
for n = 0, 1, 2, . . . .
Then γn > 0 for all n and by using (2.3)
(2.4) F (γn)≤ F
(
γn−1
)
−τ ≤ F
(
γn−2
)
−2τ ≤ · · · ≤ F (γ0)−nτ.
From (2.4), we get lim
n→∞
F (γn) = −∞. Thus, from (F2), we have
lim
n→∞
γn= 0.
From (F3), there exists k ∈ (0, 1) such that
lim
n→∞
γknF (γn)= 0.
By (2.4), the following inequality holds for all n ∈ N
(2.5) γknF (γn)−γ
k
nF (γ0)≤ −γ
k
nnτ ≤ 0
Letting n→∞ in (2.5), we obtain that
(2.6) lim
n→∞
nγkn= 0
From (2.6), there exists n1 ∈ N such that nγ
k
n ≤ 1 for all n ≥ n1. So we obtain
that
(2.7) γn≤
1
n1/k
.
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Now, letm,n ∈ N such thatm > n > n1 to show that {xn} is a Cauchy sequence.
By using the triangle inequality for the metric and from (2.7), we have∫ d(xn,xm)
0
ϕ(t)dt ≤
∫ d(xn,xn+1)
0
ϕ(t)dt+
∫ d(xn+1,xn+2)
0
ϕ(t)dt+ · · ·+
∫ d(xm−1,xm)
0
ϕ(t)dt
= γn+γn+1+ · · ·+ γm−1
=
m−1∑
i=n
γi
≤
∞∑
i=n
γi
≤
∞∑
i=n
1
i1/k
.
By the convergence of the series
∞∑
i=n
1
i1/k
, we get
∫ d(xn,xm)
0 ϕ(t)dt→ 0 as n→∞.
As a result, {xn} is a Cauchy sequence in (X, d). Since (X, d) is a complete metric
space, the sequence {xn} converges to some point z ∈ X, that is, lim
n→∞
xn = z.
If T is compact, then we have Txn → Tz and from Lemma 1
D(xn, T z) ≤ H(Txn−1, T z),
so D(z, T z) = 0 and z ∈ Tz.
Now, suppose F is continuous. In this case, we claim that z ∈ Tz. Assume the
contrary, that is, z /∈ Tz. In this case, there exists an n0 ∈ N and a subsequence
{xnk} of {xn} such that D(xnk+1, T z) > 0 for all nk ≥ n0. (Otherwise, there exists
n1 ∈ N such that xn ∈ Tz for all n ≥ n1, which implies that z ∈ Tz. This is a
contradiction).
Since D(xnk+1, T z) > 0 for all nk ≥ n0, then we have
τ + F
(∫ D(xnk+1,Tz)
0
ϕ(t)dt
)
≤ τ + F
(∫ H(Txnk ,Tz)
0
ϕ(t)dt
)
≤ F
(∫ M(xnk ,z)
0
ϕ(t)dt
)
= F

∫ max
{
d(xnk
,z),D(xnk
,Txnk
),D(z,Tz), 12
[
D(xnk
,Tz)+D(z,Txnk
)
]}
0
ϕ(t)dt

 .
Taking the limit as k →∞ and using the continuity of F, we have
τ + F
(∫ D(z,Tz)
0
ϕ(t)dt
)
≤ F
(∫ D(z,Tz)
0
ϕ(t)dt
)
,
which is a contradiction. Thus, we get z ∈ Tz. That is, T has a fixed point. 
Example 2. Let X = [0, 1] and d(x, y) = |x− y| . Define T : X → K(X) multival-
ued mapping by
Tx =
[
x
4
,
x+ 1
2
]
.
7For x0 = 0 and x1 = 1 arbitrary points, we have T0 =
[
0, 12
]
and T1 =
[
1
4 , 1
]
.
H(T 0, T 1) = max
{
sup
x∈T0
D (x, T1) , sup
y∈T1
D (y, T0)
}
= max
{
sup
x∈T0
inf
y∈T1
d(x, y), sup
y∈T1
inf
x∈T0
d(x, y)
}
=
1
4
Now, we show that mapping T under this condition is not generalized multivalued
integral type mapping. Afterward we will show that it is a contraction together with
F. By using Theorem 1 and ϕ(t) = 1 for all t ∈ R, we have∫ H(T0,T1)
0
dt≤ α
∫ d(x0,x1)
0
dt and α ≥
1
4
.
It can be shown that multivalued integral type mapping above holds for α ∈
[
1
4 , 1
)
.
In Theorem 1, it holds 0 ≤ α < 1. This is a contraction. Under same condition; we
will apply F -contraction. Let us take F (α) = lnα and τ ∈ (0, 1.39) also ϕ(t) = 1
for all t ∈ R, we have
F
(∫ H(T0,T1)
0
dt
)
≤ F
(∫ d(x0,x1)
0
dt
)
−τ .
This inequality holds tree condition of F -contraction:
i) It is easy to see (F1).
ii) Let xn =
(
1
n
)
∈ [0, 1] , n = 1, 2, . . . and x0 = 0. By taking xn =
(
1
n
)
, we
get
Txn =
[
1
4n
,
n+ 1
2n
]
H(Txn, T xn+1) =
1
4n(n+ 1)
.
If we denote that γn =
∫ 1
4n(n+1)
0 ϕ(t)dt, ϕ(t) = 1 for all t ∈ R, then
γn =
(
1
4n(n+1)
)
. By using some calculations, we conclude that following
inequality:
(2.8) F
(
1
4n(n+ 1)
)
≤ F
(
1
4(n− 1)n
)
−τ ≤ · · · ≤ F (1)− nτ.
By taking F (α) = lnα, we have
0 ≤ F
(
1
4n(n+ 1)
)
≤ ln 1− nτ.
From (2.8), letting n→∞, we obtain that
lim
n→∞
ln
(
1
4n(n+ 1)
)
= −∞.
Also for ϕ(t) = 1, γn =
(
1
4n(n+1)
)
and lim
n→∞
1
4n(n+1)= 0.
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iii) We will show that lim
n→∞
γknF (γn) = 0. Letting n→∞, we have
lim
n→∞
γknF (γn) = limn→∞
1
[4n(n+ 1)]k
ln
(
1
4n(n+ 1)
)
= 0.
Since xn =
(
1
n
)
∈ [0, 1] is a Cauchy sequence and (X, d) is complete metric space,
taking the limit as n→∞ we have 1n → 0 in [0, 1]. However, since Txn=
[
1
4n ,
n+1
2n
]
and Txn∈ K(X), then lim
n→∞
Txn= Tx, that is, we have
lim
n→∞
[
1
4n
,
n+ 1
2n
]
=
[
0,
1
2
]
.
As a result we get 0 ∈
[
0, 12
]
, that is, T has a fixed point under F -contraction.
References
[1] Acar, O¨., Durmaz, G., Mınak, G., Generalized multivalued F -contractions on complete metric
space, Bull. Iranian Math. Soc., Vol. 40 (2014), No. 6, pp. 1469-1478.
[2] Altun, I., Mınak, G., Dag˘, H., Multivalued F -contractions on complete metric space, J.
Nonlinear Convex Anal., 16 (4) (2015), 659-666.
[3] Banach, S., Sur les ope´rations dans les ensembles abstraits et leur application aux e´quations
inte´grales. Fund. Math. 3, 133-181 (1922).
[4] Berinde, M., Berinde, V., On a general class of multi-valued weakly picard mappings, J.
Math. Anal. Appl. 326 (2007), 772-782.
[5] Border, K.C., Fixed point theorems with applications to economics and game theory, Cam-
bridge University, Cambridge, (1989).
[6] Ceng, L.C., Ansari, Q., Yao, J.C., Some iterative methods for finding fixed points and for
solving constrained convex minimization problems, Nonlinear Analysis. 74 (2011) ,5286-5302.
[7] Chen, M., Lu, W., Chen, Q., Ruchala, K.J., Olivera, G.H., A simple fixed-point approach to
invert a deformation field, Medical Physics. 35 (2008), 81-88.
[8] Dube, L.S., A theorem on common fixed points of multi-valued mappings, Annales de la
Societe´ Scientifique de Bruxelles, Vol. 89, No. 4, pp. 463-468 (1975).
[9] Fleiner, T., A fixed-point approach to stable matchings and some applications, Mathematics
of Operations Research. 28 (2003), 103-126.
[10] Gordji, M.E., Baghani, H., Khodaei, H. and Ramezani, M., A generalization of Nadler’s fixed
point theorem, The Journal of Nonlinear Science and Applications. 3 (2010), no. 2, 148-151.
[11] Karapınar, E., Kutbi, M. A., Piri, H., O’Regan, D., Fixed points of conditionally F -
contractions in complete metric-like spaces, Fixed Point Theory and Applications (2015)
2015:126.
[12] Kelley, J.L., General topology, D. Van Nostrand Co., Inc., Princeton, New Jersey, 1959.
[13] Mınak, G., Helvacı, A., Altun, I., C´iric˙ type generalized F -contractions on complete metric
spaces and fixed point results, Filomat 28 (2014), No. 6, 1143–1151.
[14] Nadler, S.B., Multivalued contraction mappings. Path. J. Math. 30, 475-488 (1969).
[15] Ojha, D.B., Mishra, M.K., Some results on common fixed point of multivalued generalized ϕ-
weak contractive mappings in integral type inequality, Research Journal of Applied Sciences,
Engineering and Technology 2(4): 387-395, 2010.
[16] Ok, E.A., Real analysis with economic applications, Princeton University, Princeton, (2007).
[17] Sekman, D., Bouzara, N.E.H., Karakaya, V., n-tuplet fixed points of multivalued mappings
via measure of noncompactness, Communications in Optimization Theory, Vol. 2017 (2017),
Article ID 24, pp. 1-13.
[18] Sgroi, M., Vetro, C., Multi-valued F -contractions and the solution of certain functional and
integral equations, Filomat 27:7 (2013), 1259–1268.
[19] Wardowski, D., Fixed points of a new type of contractive mappings in complete metric spaces,
Fixed Point Theory and Appl. 2012, 2012: 94.
9Department of Mathematics, Faculty of Arts and Sciences, Ahi Evran University,
40100 Kırs¸ehir, Turkey
E-mail address: derya.sekman@ahievran.edu.tr
Department of Mathematical Engineering, Faculty of Chemistry-Metallurgical, Yıldız
Technical University, 34210 Istanbul, Turkey
E-mail address: vkkaya@yildiz.edu.tr
Faculty of Mathematics, University of Science and Technology Houari Boumedie`ne,
Bab-Ezzouar, 16111 Algies, Algeria
E-mail address: bzr.nour@gmail.com
